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Abstract

Combinatorial optimization (CO) problems appear throughout science and industry, yet most are
NP-hard or NP-complete, making exact solutions often out of reach. In this essay, we study
the Graph Combinatorial Optimization Network (GCON) proposed by ( ), an
unsupervised GNN framework that equips each node with richer feature representations through
a filter bank of aggregation and comparison filters. We reproduce the original results and extend
the framework to Maximum Independent Set and Balanced Graph Partitioning, deriving self-
supervised loss functions and rule-based decoders for each. Our experiments show that GCON
outperforms ScatteringClique on Graph Partitioning and remains competitive on Maximum Inde-
pendent Set, confirming the modularity and broader applicability of the framework.
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1. Introduction

1.1 Motivation

Optimization is fundamental to problem solving. In practice and even in theory, it is often the
case that finding an exact solution is computationally infeasible. The goal then becomes finding
the best possible configuration, or parameters, given the available resources and constraints
( : ). Combinatorial optimization (CO) is a branch of mathematics
concerned with finding optimal solutions over discrete feasible sets, drawing on tools from graph
theory, theoretical computer science, and mathematical programming.

The remarkable success of machine learning (ML) across a broad range of fields, including com-
puter vision, has naturally led to an interest in applying ML methods to combinatorial optimization
( , ). Graphs provide a particularly rich mathematical structure for represent-
ing CO problems, as many problems of interest are defined directly on graphs. The success of
convolutional neural networks (CNNs) on image data, which can be viewed as a special case of
graph-structured data, motivated early attempts to extend CNN-like methods to general graph-
structured data ( , ). However, the irregular structure of general graphs meant
that these methods could not be applied without modification. This motivated the development
of Graph Neural Networks (GNNs), which generalize the convolution operation to arbitrary graph
structures through a message passing framework known as Message Passing Neural Networks

(MPNNs).

GNNs have demonstrated strong performance across a wide range of graph learning tasks. How-
ever, the standard MPNNs treat feature smoothness as an inductive bias; expecting adjacent
nodes to have similar features. This assumption is problematic in the context of combinatorial
optimization, where the graphs considered may not carry inherent node features. It is also the
case that the optimal solution often requires distinguishing between adjacent nodes rather than
smoothing over them, thus requiring a framework that is more expressive and representative
of the underlying combinatorial structure. Additionally, most GNN methods are supervised ML
methods ( , ), thus requiring solutions to these problems before training.
In the context of CO this becomes problematic since most problems of interest are either NP-
hard or NP-complete ( : ), indicating that finding exact solutions may be
computationally infeasible. Hence obtaining labels prior to training may just be impossible.

The Graph Combinatorial Optimization Network (GCON) proposed by ( )
addresses these limitations directly. In particular it improves on previous architectures, including
the ScatteringClique proposed by ( ), by introducing comparison filters alongside
the standard aggregation filters, allowing the network to detect transition points rather than
just smooth regions. In addition to producing more discriminative representations, GCON offers
significant speed advantages over exact solvers like Gurobi, particularly on large graph instances.
Additionally the GCON trains in a self-supervised fashion, requiring no labeling prior to training.

It turns out that solving these kinds of problems are of particular interest due to their prevalence
across a wide range of real-world domains, including distributed computing, scheduling, and
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vehicle routing (Cappart et al.,, 2022, p.2), making combinatorial optimization a field of both
theoretical and practical significance.

1.2 Related Work

The advent of Graph Neural Networks (GNNs) can be traced back to Hopfield and Tank (1985),
where they propose a neural network architecture to solve the Traveling Salesman Problem (TSP).
They motivate their architecture with the nervous system of mammals in solving perceptual tasks
like pattern recoginition. They argue that parallelism and interconnectedness of neurons in the
mammalian nervous system contribute to their impressive speed and computing power in these
perceptual tasks. They thus propose a “computational network of extensively interconnected
analog neurons” to replicate these properties of the mammalian nervous system. They also
propose embedding the discrete decision space of CO problems in a continuous decision space in
order to easily formulate the loss functions to make minimization easier.

The success of deep learning (DL) methods on tasks like computer vision (Krizhevsky et al., 2012),
natural language processing (Vaswani et al., 2017), and speech recognition (Hinton et al., 2012)
led to a renewed interest in applying deep learning methods to solving CO problems. Notably, a
significant research direction explored the application of supervised learning methods to solving
CO problems (Li et al.,, 2018; Selsam et al., 2018). However this line of research comes with
some limitations. Most CO problems are proven to be either NP-hard or NP-complete, meaning
finding exact solutions are usually computationally infeasible, making it very expensive to obtain
labels.

Reinforcement Learning (RL) methods have also been explored as a research direction. While
Khalil et al. (2017) and Bai et al. (2020) propose some improvements to Q-learning for solving
CO problems, Kool et al. (2018), Deudon et al. (2018), Bello et al. (2016), and Yolcu and
Péczos (2019) propose some improvements to policy gradient learning for solving CO problems.
The challenges with RL as a promising research direction for applying DL methods to solving CO
problems, however, include the fact that RL methods are unstable during traning (Nikishin et al.,
2018) which can result in poor convergence and inconsistent solution quality.

Unsupervised learning methods, the research direction that the main architecture presented in
this essay falls under, have seen many successes in solving CO problems. In particular Min et al.
(2022), Karalias and Loukas (2020), Sun et al. (2022), and Zhang et al. (2023) have all proposed
some unsupervised learning framework for solving CO problems. Karalias and Loukas (2020)
propose a framework that addresses the challenge of constructing well-behaved loss functions
and decoding valid solutions, by training a GNN to minimize a probabilistic penalty loss and then
using the learned parameters to decode the solutions to the CO problem. Min et al. (2022)
propose a geometric scattering-based GNN for the maximum clique problem that remedies the
issue of smoothness as an inductive bias in GNNs.

Collectively, these works reflect a broader shift towards unsupervised learning as a more princi-
pled and scalable approach to solving CO problems on graphs, moving away from early neural
architectures and supervised methods limited by label scarcity, and RL approaches hindered by
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training instability.

1.3 Objectives

The specific objectives of the thesis are:

e To reproduce the work done by Wenkel et al. (2024).
e To formulate loss functions for two CO problems not considered by \Wenkel et al. (2024).

e To test the GCON architecture on these new CO problems.

The rest of this essay is structured as follows: chapter 2 presents the theoretical background
that is required for the material that follows. Chapter 3 introduces the architecture proposed
by Wenkel et al. (2024), and Chapter 4 details the implementation and experimental results
and the extension of GCON to two additional combinatorial optimization problems: Maximum
Independent Set and Graph Partitioning. Chapter 5 concludes with a discussion of the limitations
of the proposed architecture, the applications of these CO problems, and directions for future
work.



2. Graphs, Walks, and Neural Networks

This chapter develops the theoretical foundations underlying this work. Section 2.1 introduces the
necessary concepts of graph-theory, combinatorial optimization, and Markov chains. Section 2.2
covers Graph Neural Networks, presenting the key architectures and concepts that motivate the
GCON framework developed in Chapter 3.

2.1 Graphs, Combinatorial Optimization, Markov Chains

2.1.1 Graph Theory Preliminaries. Consider the following two instances: the World Wide Web
and a friendship network. Both can be naturally modeled using graphs. In the former, web pages
are represented as nodes and a hyperlink from one page to another as a directed edge between
their corresponding nodes. In the latter, where a connection between two individuals is inherently
mutual, it is more natural for edges to carry no direction. It is precisely this kind of relational
information that graphs are designed to formalize, encoding entities as vertices and relationships
as edges. With this motivation in mind, we now develop the graph-theoretic foundations that
underpin the rest of this work.

Definition 2.1.1.1 (Graphs). A graph G is made up of a vertex set V(G) and an edge set
E(G) CV(G) x V(Q).

Remark 2.1.1.2. We use the words vertex and node interchangeably throughout this work to
refer to the elements of V. When two vertices share an edge, we say that they are adjacent,
and that each one is incident to the edge between them. Whenever the underlying graph G is
obvious, we will drop the G and just write V' and E.

Remark 2.1.1.3. Given a graph G = (V, E), if both V' and E are finite, we say that G is a
finite graph.

Definition 2.1.1.4 (Subgraph). Given two graphs G and H, we say that H is a subgraph of G
if V(H)C V(G) and E(H) C E.

With the basic structure of a graph in place, we now formalize the notion of edge direction, which
determines how information flows between vertices.

Definition 2.1.1.5 (Directed and Undirected Graphs). Given a graph G, we say that an edge
ei;; € I, which is incident with vertices v; and vj, is undirected if the order of its endpoints does
not matter, that is, e;; and ej; refer to the same edge. If on the other hand the order does matter,
so that e;; and ej; are treated as distinct, we say the edge is directed. A graph whose edges are
all undirected is itself called undirected, and likewise a graph whose edges are all directed is called
directed. Unless we say otherwise, the graphs in this work are undirected.

The following definitions deal with different types of graphs.
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Definition 2.1.1.6 (Simple Graph). Given a graph G = (V, E), an edge of the form {v,v} for
some v € V is called a loop, that is, an edge that connects a vertex to itself. We say that two
edges are parallel when they have the same endpoints. A graph with no loops and no parallel
edges is what we call a simple graph. Unless we say otherwise, every graph in this work is taken
to be simple.

Example 2.1.1.7. We give an illustration of non-simple graphs in Figure 2.1.

(a) A loop at 1. (b) Parallel edges between 1 and 2.
Figure 2.1: Non-simple graphs.
Definition 2.1.1.8 (Eomplem_ent Graplﬁ. Given a graph G = (V, E) its complement graph is
defined as the graph G = (V, E') where £ = {{u,v} : u # v, {u,v} ¢ E}.

Definition 2.1.1.9 (Connected Graphs). Given a graph G, a path in G is a sequence of distinct
vertices vg, vy, . . ., v such that {v;_1,v;} € Eforalli=1,... k. If we add the edge {vy,vo} €
E to such a path, what we get is a cycle. A graph G is connected when we can find a path
between any two distinct vertices u,v € V, and disconnected when we cannot. Unless we say
otherwise, the graphs in this work are connected.

Example 2.1.1.10. Let G be a graph with vertex set V' = {1,2,3,4} and edge set £ =
{{1,2},{2,3},{3,4},{1,4},{1,3}}. Figure 2.2 illustrates a simple, connected, undirected graph,
G, a subgraph H C G, and the corresponding complement G.

(a) Graph G (b) Subgraph H C G (c) Complement G
Figure 2.2: lllustration of a graph, subgraph and complement graph
We now introduce structural terminology that allows us to talk about the local structure of a

graph around each vertex, as well as matrix representations that encode both local and global
structure algebraically.
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Definition 2.1.1.11 (Neighborhood and Degree of a Vertex). Let G be a graph. The neighbor-
hood of a vertex v € V is the collection N(v) = {u € V : {u,v} € E} of vertices joined to v by
an edge. The degree of v, written deg(v), counts how many edges are incident to v; equivalently,

deg(v) = [N(v)].

Definition 2.1.1.12 (Adjacency Matrix). For a simple, undirected graph G on n vertices, the
adjacency matrix is the n x n matrix A € {0, 1}"*" whose (u,v) entry equals 1 when {u,v} € E
and 0 when it does not.

Remark 2.1.1.13. It is obvious that for a simple undirected graph the adjacency matrix, A, is
symmetric, that is A = AT,

Definition 2.1.1.14 (Degree Matrix). Given a graph G with n vertices, its degree matrix is the
diagonal matrix D € R™ "™ where

en(i) i
D, — 4 deeld)s i=ij (2.1.1)
0, otherwise.

Definition 2.1.1.15 (Graph Laplacian). Let G be a graph on n vertices, with degree matrix D
and adjacency matrix A. The (unnormalized) graph Laplacian of G is the n X n real matrix

L=D-—A. (2.1.2)

Remark 2.1.1.16. Some properties of the graph Laplacian L for a simple, undirected graph G,
include that it is symmetric, which follows from the symmetry of both the degree and adjacency
matrices.

Proposition 2.1.1.17. For an undirected graph G, the graph Laplacian L has the following
property:

(x'Lx) = Z (z; — mp)°. (2.1.3)

{i,k}eE

Proof. Expanding L = D — A and distributing, we get
2" Lr=2"(D - A)x=2"Dx — ' Ax.

Writing each quadratic form as a double sum over the entries of D and A,

¢ Lz = Z (Z ka,ﬂ) z; — Z <Z xkA,ﬂ> ;.

=1 =1

Since D is diagonal with D;; = deg(i), the inner sum of the first term reduces to x;D;;. In the
second term, the inner sum reduces to a sum over the neighbors of i since A;; is nonzero only
when k& € N (i). Therefore,

TLx—Zx deg(1) Z Z TpTi.

i=1 keN (i)
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Using deg(i) = |N(i)|, we get that the above expression becomes

TLx—Z Z a: —xkxl .

i=1 keN (i)

By symmetry, the expression above equals " | Zke/\/(i (2 — zpx;). Averaging the two forms,

o' Ly=1 Z Z x; —2xzxk+xk)

i=1 keN (i)
=13 Y -
i=1 keN (i)
Again by symmetry we get
x" Lr = Z (z; — xp)° .
{i,k}eE
[

Remark 2.1.1.18. Proposition 2.1.1.17 directly implies that for an undirected, simple, connected
graph G, its corresponding graph Laplacian is positive semi-definite.

Example 2.1.1.19. Consider the graph G from Example 2.2a. The adjacency matrix, degree
matrix and graph Laplacian of GG are given by

0111 3000 3 -1 -1 -1
1 010 0200 -1 2 -1 0

A= 110 1]”° D= 003 0}’ L= -1 -1 3 -1 (2.1.4)
1010 000 2 -1 0 -1 2

The following illustrative example motivates the use of the Graph Laplacian as a message passing
operator:

Example 2.1.1.20. Consider a simple, connected graph G, with Laplacian L. For simplicity,
suppose that we have some feature vector x € R"™, where x; represents the feature stored at node

t. Then
Z Ly, = Z (D — A) gy,
o (2.1.5)
= Z Dy, — Z Ay = Dy — Z Tk
kEN (i)
To see this concretely, take the graph from Example 2.2a with x = (1,2,3,4)". Then
3—2—-3—-4 —6
= =1 (2.1.6)
—1-3+38 4

For instance, (Lx); = 0 since N(2) ={1,3} and 2-2— (1 +3) =0.



Section 2.1. Graphs, Combinatorial Optimization, Markov Chains Page 8

Remark 2.1.1.21. This shows that applying L to a feature vector aggregates information from
the immediate neighborhood of each node, making it a natural message passing operator. Re-
peated application of L, as in the polynomial filters L*x, extends this aggregation to k-hop
neighborhoods, allowing the network to capture increasingly global structural information with
each additional power.

2.1.2 Combinatorial Optimization. In any university setting, it is of particular interest to
schedule exams such that no student faces a conflict between two courses. Finding an optimal
such schedule is a natural instance of a combinatorial optimization problem. Such problems belong
to a class known as NP-hard problems, for which no efficient algorithm is known in general. In
this section, we develop the theoretical framework surrounding combinatorial optimization that
underlies the rest of this work.

Definition 2.1.2.1 (Combinatorial Optimization Instance ( : , sec. 2.2)).
An instance of a combinatorial optimization problem is a tuple (2, F,w), where Q is a finite
set, ' C P(Q) is the set of feasible solutions, and ¢ : P(2) — R is a cost function with
c(S) =2 esgw(w) for S € F.

Remark 2.1.2.2. P(£2) is the power set on a finite set €.

Remark 2.1.2.3. A combinatorial optimization problem refers to the general problem class,
whereas an instance specifies a concrete input. Consider the Traveling Salesman Problem (TSP),
which asks for the shortest route visiting a set of cities exactly once. An instance of TSP might
consist of five cities A,B,C,D,E with specified distances between each pair, and the task is to
find the optimal tour for that specific configuration.

Most CO problems of interest have a corresponding decision problem. A decision problem asks,
given an instance, whether a solution satisfying some condition exists, making the solution to a
decision problem either “yes” or “no”. For instance, the optimization version of TSP asks for
the shortest tour visiting all cities, whereas its decision version asks: does there exist a tour of
length at most k, for some given bound k7

The main technique for showing that any two decision problems L, Ly are related is to reduce
one to the other. This is done by giving a transformation that maps any instance of L; to an
equivalent instance of L,. This concept of reducibility allows us to convert any algorithm that
solves Ly to a corresponding algorithm for L.

Definition 2.1.2.4 (Polynomial-Time Reducibility). A decision problem L, is polynomial-time
reducible to a decision problem Ls, written Ly <p Lo, if there exists an algorithm, f: Ly — Lo
which is polynomial-time in the worst case, such that

rel < f(z)€ L. (2.1.7)
Remark 2.1.2.5 (Properties of Polynomial-Time Reducibility). We give some basic properties

of the relation <p.

1. <p is not symmetric. This follows directly from the fact that a polynomial-time algorithm
f: L; — Ly does not necessarily yield a corresponding algorithm f=!: L, — L; which is
also polynomial-time.
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2. <p is reflexive. This follows directly from the fact that the identity mapid: L; — Ly is a
polynomial-time algorithm satisfying x € L, <= id(x) € L;.

3. <pistransitive. This follows directly from the fact that the composition of two polynomial-
time algorithms f : Ly — Ly and g : Ly — L3 yields a polynomial-time algorithm
go f: Ly — Lysatisfying x € Ly <= (go f)(x) € Ls.

Taken together, it then means that <p is not an equivalence relation.

Remark 2.1.2.6 (Nondeterministic Algorithm). A nondeterministic algorithm is, loosely speak-
ing, an idealized model of computation in which the algorithm is allowed to “guess” a solution for
the input and then check, deterministically, whether this solution is correct. We say the algorithm
accepts the input whenever at least one such guess passes the verification step.

This is in contrast with a deterministic algorithm, where the input alone pins down the entire
execution, leaving no room for guessing along the way.

Having developed the necessary preliminaries, we now turn to the complexity-theoretic setting
in which the problems studied in this work are situated. We introduce the class NP and the
related notions of NP-hardness and NP-completeness, which together provide the vocabulary
used throughout the remainder of this essay.

Definition 2.1.2.7 (NP). A decision problem L belongs to the class NP if and only if it is
accepted by a nondeterministic algorithm operating in polynomial time.

Definition 2.1.2.8 (NP-Complete). A decision problem L is NP-complete if it belongs to the
class NP and every other problem in NP reduces to it.

Definition 2.1.2.9 (NP-Hard). A decision problem L is NP-hard if every problem in NP reduces
to it. Note that L itself is not required to be in NP.

Example 2.1.2.10 (NP-completeness of Maximum Clique ( : )). The Maximum Clique
problem provides a natural illustration of the distinction between the two notions. Given a graph
(7, one may ask about its clique structure in two complementary ways. The decision version asks
whether G contains a clique of size at least k for some given integer k, and is NP-complete:
given a candidate subset of vertices, one can verify in polynomial time that the required edges
are present, placing the problem in NP, yet no efficient algorithm is known for determining
whether such a clique exists in general. The optimization version, by contrast, asks for the size
of the largest clique in G, and is NP-hard: beyond exhibiting a clique of a given size, one must
also rule out the existence of any larger one, a guarantee that does not appear to be checkable
in polynomial time. The same combinatorial object thus gives rise to two problems of subtly
different character, and Maximum Clique is among the problems we consider later in this essay.

2.1.3 Markov Chains. We now turn to Markov chains, a mathematical framework for modeling
processes that evolve in a memoryless fashion: where the system goes next depends only on where
it currently is, not on how it got there. The propagation of information across a graph in a GNN
fits naturally into this picture. At each step, a node's features are determined by those of its
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neighbors, with no reference to earlier states. Our goal in this section is to develop the theory of
discrete-time Markov chains, working our way up to the Ergodic Theorem. We will lean on this
result in Chapter 3 to justify the convergence of the shift operator underlying the GCON filter
bank.

Definition 2.1.3.1 (State and State Space). Let I be a countable set. We call every element
v € I a state and [ a state-space.

Definition 2.1.3.2 (Distribution). Given a probability space (2, F,P) and a state-space I, we
call a row vector A = (\; : i € I) a distribution of a random variable X, if

\o=P(X = i). (2.1.8)

We now define terminology that allows us to talk about how these processes evolve over time.

Definition 2.1.3.3 (Transition Probability and Transition Matrix). Given a sequence of random
variables (X,,),>0 and a state space /, the transition probability from state i to state j is defined

as
Py =P(Xpi1 = j | X, = ). (2.1.9)

The matrix P = (FP,;); er is called the transition matrix of the Markov chain. Under this
convention, P is a row stochastic matrix, meaning each row sums to one:

Y Pyj=1 Viel (2.1.10)

jel

Remark 2.1.3.4. The transition matrix defined above only encodes 1-step transitions, where the
chain moves from state 7 at time k to state j at time k + 1. However, it is natural to ask about
the probability of transitioning from state i to state j in exactly n steps. The n-step transition
probabilities Pi(j”) capture this, and together form the n-step transition matrix P = (Pi(f))i,jel.
Remark 2.1.3.5. An alternative convention defines the transition probability column-wise in
which case P;; represents the probability of transitioning from state j to state ¢. This convention
yields a column stochastic matrix where each column sums to one. The two conventions are
transposes of each other.

With all these definitions in place, we now formally define the main framework for discussing
evolving states over discrete time: the Discrete-Time Markov Chain (DTMC).

Definition 2.1.3.6 (Discrete-Time Markov Chains). Given a probability space (2, F,[P) and a
state-space /, a sequence of random variables (X,,),>¢ is said to be a discrete-time Markov chain
with initial distribution A € R!I and transition matrix P if

1. X, has distribution A, and

2. P(Xpq1 =tins1 | Xo=1d0,.. ., Xpn=1n) =P(Xps1 =tps1 | X =1n) = P

n,in+1 "

Remark 2.1.3.7. Property 2 above is known as the Markov Property.



Section 2.1. Graphs, Combinatorial Optimization, Markov Chains Page 11

In particular the Chapman-Kolmogorov equation (Theorem 2.1.3.8) allows us to establish a re-
lationship between the n-step transition matrix of some Markov chain and powers of the 1-step
transition matrix. We state, without proof, the Chapman-Kolmogorov equation below:

Theorem 2.1.3.8 (Chapman-Kolmogorov Equation). Let (X,,),>0 be a discrete-time Markov
chain with transition matrix P. Then for all n,m > 0 and all states i,j € I,

P =N peipi. (2.1.11)
kel

Remark 2.1.3.9. It follows from Theorem 2.1.3.8 that the (n+m)-step transition matrix satisfies
ph+m) — pn) | p(m) (2.1.12)

To see this, observe that the ij-th entry of P™*™) is precisely the (n -+ m)-step transition

probability £ (ntm), By the Chapman-Kolmogorov equation,

”*m me ,W, (2.1.13)
kel

which is exactly the ij-th entry of the matrix product P . PU™)_ Since this holds for all i, j € I,
the result follows.

Proposition 2.1.3.10. Given a Markov chain (X,,),>1 with transition matrix P, the n-step
transition matrix satisfies P(™ = P for all n > 1.

Proof. We proceed by induction on n.

For the base case of n = 1, we notice that this holds trivially since P() = P = P! by definition.

Suppose now that for some n € N, P = P"_ Then by Theorem 2.1.3.8,

pth) — pn) . p(1)

=pPr.P (2.1.14)
— Pn+1
Hence, by the principle of mathematical induction, P = P foralln > 1. O

Example 2.1.3.11. Consider a particle moving randomly on the graph G from Example 2.23,
illustrated in Figure 2.3.

Figure 2.3: The graph G from Example 2.2a.
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At each step, the particle moves to a neighboring node chosen uniformly at random, a process
known as a random walk. So if the particle is at node 1, which has deg(1) = 3, it moves to each
of nodes 2, 3, 4 with probability % If it is at node 2, which has deg(2) = 2, it moves to each of
nodes 1, 3 with probability % The transition matrix of this random walk is

1 1 1
03 3 3
1 1
19 Loy
2 2
P=|7 ] .1 (2.1.15)
3 3 3
1 1
2 030

Each row sums to one, confirming that P is row stochastic. By the proposition above, the 2-step
transition matrix is P = P2, so for instance P\ = P2 = 9 gives the probability of the particle
moving from node 1 to node 4 in exactly two steps.

A natural question arising from the study of Markov chains concerns their long-run behavior. In
particular, one may ask whether the distribution of X, stabilizes as n — oo. This motivates the
following two definitions.

Definition 2.1.3.12 (Limiting Distribution). Given a Markov chain (X,,),>0 with transition
matrix P. We say that a distribution, 7, is a limiting distribution of (X,,),>¢ if for any initial
distribution «

lim aP" = 7. (2.1.16)

n—oo

Definition 2.1.3.13 (Stationary Distribution). Given a Markov chain (X,,),>0 with transition
matrix P. We say that a distribution, A, is a stationary distribution of (X,,),>0 if

AP = \. (2.1.17)

Together, these two concepts allow us to answer a practically important question about a Markov
chain: where does it end up in the long run? A stationary distribution describes what the chain
looks like once it has “settled down”, while a limiting distribution describes the distribution the
chain converges to over time, regardless of where it started. The following proposition and
example let us see the relationship between these two concepts:

Proposition 2.1.3.14. For a given Markov chain (X,,),>0 with a limiting distribution 7, 7 is

also a stationary distribution.

Proof. Suppose that (X,,),>0 is a Markov chain with transition matrix P and limiting distribution
7. Then for any initial distribution «,

lim aP" = .
n—oo

Then,

P = (lim aP”) P

n—o0
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= lim aP"!
n—oo
=T.

O

The converse of the statement in Proposition 2.1.3.14 is not necessarily true and is illustrated by
the following example.

Example 2.1.3.15. Consider a random walk on the path graph G with vertex set V' = {1, 2, 3}
and edge set £ = {{1,2},{2,3}}, illustrated in the figure below.

O——C)

Figure 2.4: A path graph on three vertices.

The transition matrix of this random walk is

P p—

o O
o O

1

One can verify that 7 = (}l, %, %) is a stationary distribution, satisfying 7P = m. However, 7 is
not a limiting distribution. To see this, observe that
02 010
PP=10 10|, PP=(3013i]=P
: 0 2 010

Since P? = P, the powers of P oscillate indefinitely between P and P? and never converge,
confirming that no limiting distribution exists.

The existence and uniqueness of a stationary distribution depends on structural properties of the
chain. We now introduce two such properties.

Definition 2.1.3.16 (Irreducible Markov Chain). A Markov chain (X,),>0 with transition matrix
P and state space I is said to be irreducible if for every pair of states 7, j € I there exists n > 1
such that PZ(Jn > 0.

Definition 2.1.3.17 (Aperiodic Markov Chain). The period d of a state i € I is defined as
d(i) == ged{n € N: P > 0}. (2.1.18)
A Markov chain (X,,),>¢ is called aperiodic if every state has period 1.

Remark 2.1.3.18. A finite-state Markov chain (X,,),>0 is called ergodic if it is irreducible and
aperiodic.
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We now state without proof the following theorem which is important for the justification in 3.

Theorem 2.1.3.19 (Fundamental Limit Theorem for Ergodic Markov Chains). Let (X,,),>0 be a
finite-state ergodic Markov chain with transition matrix P. Then there exists a unique stationary
distribution, 7, of the chain which is also a limiting distribution of the chain.

We summarize all these concepts in the following example:

Example 2.1.3.20. Consider the random walk on G from Example 2.1.3.11 with transition
matrix P. Since G is connected, then the chain is irreducible. It is easy to verify that each state
has period 1, and hence the chain is aperiodic.

Being irreducible and aperiodic on a finite state space, the chain is ergodic. By Theorem 2.1.3.19,
there exists a unique stationary distribution 7 satisfying 7P = m. One can verify that

3 2 3 2
_ 2 2.1.1
" (10’ 10’ 10’ 10) (2.1.19)

is the unique stationary distribution.

Remark 2.1.3.21. Throughout this work, the random walk matrix P = (I + AD™') adopted
in Chapter 3 follows the column-stochastic convention, in which P;; denotes the probability of
transitioning from state j to state <. Under this convention, the stationary distribution satisfies
Pr = 7 for a column vector 7, which is the transpose of the row-stochastic formulation 7P = 7.
All definitions and results in this section are stated in the row-stochastic convention and carry
over to the column-stochastic setting by transposition.

2.2 Graph Neural Networks

The success of deep learning across domains such as computer vision has led to growing interest in
applying Multi-Layer Perceptrons (MLPs) to CO problems which are, for the most part, naturally
expressed as graphs ( : ). However, a few peculiar challenges arise when applying
MLPs to general graph-structured data without modification.

Machine learning models typically operate on rectangular or grid-like arrays as input. While a
graph’s node features can be encoded as a feature matrix X € R™*¢ with n being the number
of nodes and d the feature dimension, and connectivity can be encoded via the adjacency matrix,
doing so naively introduces a fundamental problem. Since relabeling the nodes of a graph does
not alter the graph itself, any meaningful representation should reflect this invariance. In practice,
however, a relabeling induces a different adjacency matrix and a different feature matrix, for which
an MLP will learn an entirely different representation. This is particularly problematic since a
graph with n nodes admits n! possible labelings, each yielding a distinct matrix representation.
As an MLP has no mechanism to recognise these as equivalent, it cannot learn a representation
that generalises across different presentations of the same underlying graph. This property is
known as permutation invariance, and is the central challenge in applying standard MLPs to
graph-structured data.
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A further challenge arises from the sparsity of real-world combinatorial optimization instances
(Cappart et al.,, 2022). Such graphs tend to be large, with most node pairs sharing no edge.
Representing them as adjacency matrices requires O(n?) space and time complexity, the vast
majority of which corresponds to absent edges. This makes direct MLP-based approaches both
memory-intensive and computationally wasteful, and thus ill-suited to scale to the large instances
that arise in practice.

In the sections that follow, we detail the implementation of a standard Graph Neural Network
(GNN) to see how they address these challenges raised. We also consider a GNN-variant known
as the Graph Attention Network (GAT) that is directly relevant to this thesis.

A
TARGETl NOf)E . e “. @
a ‘_/_’.__ . __‘.\‘ -
/.b % — AGGREGATE 3]'. ........................... ol @
o oy
—
INPUT GRAPH

Figure 2.5: Message passing framework in GNNs (Hamilton, 2020).

2.2.1 Message-Passing Graph Neural Networks. In this section, we describe the Message-
Passing Neural Network (MPNN) framework, the original work of Gilmer et al. (2017). We also
discuss the challenges raised in the preceding section that the MPNN addresses, and note some
limitations that motivate the GAT discussed in Section 2.2.2.

Like was mentioned in the preceding section, the key challenges in applying MLPs to graph-
structured data are finding a permutation equivariant representation of the graph and handling
the sparsity of real-world graphs. The MPNN addresses these by having each node aggregate
neighboring information using an operation that is commutative or at least insensitive to the order
of its operands, such as a sum or maximum, and use it to update its own representation. Since
each node only aggregates over its immediate neighbors, computation scales with the number of
edges rather than n?, making the approach suitable for the sparse graphs that arise in practice.
The MPNN architecture can be thought of as consisting of two parts: a feature transformation
step and the message-passing layers. We now proceed to describe each part of the MPNN
architecture:

Feature Transformation. The feature transformation step is a preprocessing operation applied
before message passing begins. Given an input graph G with feature matrix X € R"*? a
shared MLP is applied independently to each node's features. This produces an initial per-node
embedding

h® = MLP(x,) €RY, weV. (2.2.1)

Intuitively, the MLP learns a nonlinear transformation of the raw features into a space the network
finds more useful for the task at hand. Combinations of features that contribute to reducing the
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loss are emphasized, while those that do not are suppressed. We note that the output dimension
d’ of the MLP need not equal d, and so the resulting embeddings h{¥ may live in a space of
different dimension than the input features.

Message Passing. In the second stage, the graph structure is exploited. We organize this
stage into K layers indexed by £ = 1,..., K. At each layer k, every node v aggregates the
feature representations of its neighbors, and uses the result to update its own representation.
The operations of a single layer are given by

m*) = EB M*) (hgjk—l)7 h(-D) (2.2.2)
ueN (v)
h(® = U® (WD m®) | (2.2.3)

where m* is the aggregated message at node v, and h'" is the updated representation of v after

layer k. The operator € denotes an aggregation function, usually a sum or an average which
are invariant to the labeling of the nodes. M®) is a learned message function that produces,
for each pair (v,u) with u € N(v), a vector capturing the information that u should pass
to v at layer k. The simplest choice is to take the neighbor's previous embedding directly,
that is, M*(h,,h,) = h,. A more expressive choice is a learned linear map M*(h,, h,) =
W®h, for some weight matrix W*) and the most general choice is a small MLP applied to
the concatenation of the two embeddings. U*) is a learned update function that combines v's
previous embedding with the aggregated message to produce h". A typical instantiation is
U® (h,, m,) = 0<W1(k)hv + WQ(k)mv>, where W% and Wi are learned weight matrices and

o is a nonlinear activation. As with M®) {7 (k)

to the concatenation [h, || m,].

may also be implemented as a small MLP applied

This formulation directly addresses some of the challenges raised in the previous section. Since
aggregation at each node is performed only over A/(v), the actual neighbors of v, the computation
at each layer scales with the number of edges rather than with n?, addressing the sparsity
challenge. Furthermore, since € is permutation-invariant, the learned representations do not
depend on the particular labeling of the nodes, addressing the permutation invariance challenge.
After K layers, every node v carries a representation hi’) that encodes information from its
K-hop neighborhood, on which predictions can then be done.

Remark 2.2.1.1. Once the K message-passing layers have been applied, each node v carries a
final embedding hS)K) encoding information from its K-hop neighborhood. To produce a per-node
prediction, this embedding is passed through a node-wise classifier, which is typically a shared
MLP applied independently to each h,(JK). Since this classifier is applied to one node at a time
and uses the same parameters for every node, the permutation invariance established by the
message-passing step is preserved. The full pipeline therefore consists of a preprocessing MLP,
K message-passing layers, and a per-node MLP classifier, trained end-to-end against a standard
loss for node classification.

We now consider an example to illustrate message-passing:
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Example 2.2.1.2. Consider the graph G from Example 2.2a, illustrated in Figure 2.6. Suppose
each node stores a single scalar feature, so d = 1, and take

x1=1, x0=2, x3=3, x4=4. (2.2.4)

Figure 2.6: The graph G from Example 2.2a, used to illustrate message passing.

For simplicity, we skip the feature transformation step and set hY = x, for each v € V. We
further take M (h,, h,) = h,, @ = mean, and U (h,, m,) = m,. Under these choices,
a single message-passing layer reduces to replacing each node's feature with the mean of its
neighbors’ features.

Node 1 has neighbors N/ (1) = {2, 3,4}, so

1 1
(V) — g(hg)) + 0@+ n?) = 5(2 +3+4)=3. (2.2.5)

Similarly, M'(2) = {1,3}, N(3) = {1,2,4}, and N (4) = {1, 3}, giving
h =2  nY= g =9 (2.2.6)

Notice that hgl) = hfll). This is no coincidence: nodes 2 and 4 share the same neighborhood,
N(2) = N(4) = {1, 3}, and under uniform aggregation they receive identical updates regardless
of their own initial features.

We now discuss some limitations of standard MPNNs that motivate other GNN architectures.

Limitations. Despite these strengths, the MPNN framework has some structural limitations. The
standard MPNN aggregation treats all neighboring nodes equally, assigning the same importance
to every neighbor regardless of how relevant their features are to the central node. In the context
of CO, this poses an inherent problem since there could exist nodes at transition points which
need to be distinguished from the rest of their neighborhood, yet uniform aggregation washes
out exactly the kind of feature contrast that would make this distinction visible. Section 2.2.2
introduces the Graph Attention Network (GAT), which addresses this shortcoming by learning,
rather than fixing, the relative importance of each neighbor.

2.2.2 Graph Attention Networks. As noted in Section 2.2.1, the standard MPNN aggregates
information from all neighboring nodes equally, assigning the same importance to every neighbor
regardless of how relevant their features are to the central node. In general, however, not all
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neighbors contribute equally informative signals: some may carry features that are highly relevant
to the task at hand, while others may be largely uninformative or even introduce noise into the
aggregation. For instance, in graphs exhibiting heterophily, where connected nodes often belong
to different classes, uniformly averaging neighbor features can dilute the very signal the model
needs to recover. Graph Attention Networks (GATs) introduced by Velickovic et al. (2018)
address this situation. They learn to assign different importance scores to different neighbors
during aggregation.
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Figure 2.7: Graph Attention Network mechanism (Velickovic et al., 2018).

Attention Scores and Weights. Given a graph G = (V, E), we represent the features of a
single node v € V by h, € R? where d is the number of features stored at each node. For a
given layer ¢ in the GAT framework, we let h,ff_l) € R? denote the input feature vector of node
v to that layer.

Much like the MPNN, the GAT first does some feature transformation; unlike the standard
MPNN, however, this transformation is learned anew at each layer. At layer /, it is parameterized
by a single weight matrix W € R¥*¢ and the transformed feature vector of node v is given by

WwORY e RY. (2.2.7)

An attention mechanism a : R¥ x R — R, parameterized by a learnable vector a® € R?¥ | then
enables the network to compute attention scores between pairs of nodes. In its most general form,
the mechanism computes scores without regard for the underlying graph structure, evaluating a
score between a given node and every other node in the graph. Restricting the computation of
attention scores to pairs of nodes that are connected in G is referred to as masked attention, and
is the formulation adopted in the original GAT.

Under masked attention, the score between nodes v; and v; such that {v;,v;} € E is defined as

et == aT[WORY | WORV] e R, (2.2.8)

ij
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where || denotes vertical concatenation, so that W e)h (1) | W h (=1 ¢ R2@' To make scores
comparable across the (possibly differently sized) ne|ghborhoods of dlfferent nodes, the raw scores
are normalized over each node’s neighborhood A/ (i) via a softmax, yielding the attention weights

(€
ol = exple;) -
D ke (i) eXp(eik )

(2.2.9)

The updated representation of node v; at layer ¢ is then computed as a weighted sum of its
neighbors’ transformed features,

S ald WY ) (2.2.10)

JEN ()
where o is a nonlinear activation function, and i € N (7).

Multi-Head Attention. A single attention mechanism, as described above, can be unstable to
train and may capture only a narrow view of how neighbors relate to a given node. To address
this, the GAT employs multi-head attention, in which K independent attention mechanisms are
applied in parallel at each layer. Each head k € {1,..., K} has its own learnable weight matrix
W+ and attention vector al*, and therefore produces its own set of attention weights &(g) g
and a corresponding updated representation of node v;.

The K resulting representations must then be combined into a single output for node v; at layer
¢. At intermediate layers, the representations from each head are concatenated, yielding

h = o S0 alrworpe ) (2.2.11)
JEN(4)

so that the output dimension at that layer becomes Kd' rather than d’. At the final (prediction)
layer, however, concatenation is no longer appropriate, since the output must match the dimension
expected by the downstream task. In this case, the representations from the K heads are averaged
instead, and the nonlinearity is applied only after averaging:

WO =& Z 3 AT N (2.2.12)

k 1 5eN()



3. Graph Combinatorial Optimization
Network

This chapter presents the Graph Combinatorial Optimization Network (GCON) architecture pro-
posed by Wenkel et al. (2024). We describe the two main components of the architecture: the
filter bank and the attention over filters. We also present the statement and proof of a theorem
that justifies the empirical gains of GCON over other benchmarks. We note that all operations
are described for a single layer of the network.

G=(V,E)
— g
i H (IME : ®
| o0 B H
NS I © °F 2
L g 4

Figure 3.1: GCON Architecture (\Wenkel et al., 2024).

3.1 The GCON Filter Bank

The GCON filter bank forms the backbone of the feature extraction pipeline of the GCON
architecture. As has been established in previous chapters, smoothness as an inductive bias is
ill-suited in the context of CO problems, since these problems and their graphs do not often
come with inherent node features. The filter bank remedies this by allowing for operators that
both aggregate the features as well as compare them, thus capturing complementary aspects of
the graph structure. In this section we describe the filter bank and the two classes of filters it
accommodates.

Unless otherwise cited, all definitions and theorems in this section are from \Wenkel et al. (2024,
sec. b).

3.1.1 Aggregation and Comparison Filters. The filter bank, denoted by F, of the GCON
framework is partitioned into two filter classes: the aggregation filter class, F,, and the
comparison filter class, F-. Before describing the elements of each of these classes of the
filter bank, we state an important definition.

Definition 3.1.1.1 (Shift Operators). Given a graph G = (V, E), a matrix S € R™*" is said to
be a shift operator of GG if S;; is non-zero for adjacent vertices 7,7 € Vi # 7 and S;; = 0 for
non-adjacent vertices i, € Vi # j.

Remark 3.1.1.2. The above definition puts no restriction on the elements of the diagonal S;;
of a shift operator S hence S;; could be any element of R.

20
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Example 3.1.1.3. Let G = (V, E) be a simple, connected, undirected graph. Then the graph
Laplacian L, introduced in Section 2.1, is a valid shift operator on G. Additionally, the lazy
random walk

P=-(I+AD), (3.1.1)

N | —

is also a valid shift operator on G.

1
Remark 3.1.1.4. For adjacent nodes ¢, j we have that P;; = R where d; is the degree of node
J

j, and the diagonal entries satisfy P; = % for all © € V. P defines a lazy random walk on G
since at each step, the walker either moves to a neighboring node with probability 0.5 or stays
put with 0.5. We also note that P is a column-stochastic matrix.

We now discuss the different components of the GCON architecture.
Aggregation Filters

Given some node 7 in our graph of interest, aggregation filters are not only able to smooth features
of neighboring nodes, but also extend this smoothing operation to multi-hop neighborhoods,
capturing feature information up to k£ hops away after k successive aggregations.

More specifically, aggregation filters are defined as
Fy(X) :=m (P*X), k>1 (3.1.2)

where k is a hyperparameter that encodes how many hops of neighborhood information are
aggregated and X is the feature matrix. m on the other hand is a learned transformation that
projects P*X into a more expressive feature space.

Comparison Filters

While aggregation filters smooth features in some k—neighborhood of each node i in a graph,
comparison filters, on the other hand, compare the features in two different neighborhoods of
each node. In particular, comparison filters are of the form

Fr (X)) :=m (P = P™) X)), ky # ko. (3.1.3)

Like the aggregation filters, k; and ko are hyperparameters to be specified, m is a learned
transformation and X, the feature matrix of the input graph. It is clear to see that comparison
filters first compute aggregations of features over two distinct neighborhoods of each node, then
take their difference. In doing so, they capture feature information that differs across these
neighborhoods which is the advantage the GCON framework has over typical MPNNs in solving
CO problems.

3.2 Attention over Filters

In the previous section, we introduced the filter bank, which forms the backbone of the GCON
feature extraction pipeline. We now describe the attention mechanism over filters, which allows
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the network to learn the importance of each filter relative to the others in the same filter class,
at each node. Notably, while ( ) also employs an attention mechanism to balance
filter contributions, GCON departs from this by computing separate attention scores for each
filter class. As we shall see, this choice has theoretical backing explaining why it affords the
model greater node-wise adaptability. Algorithm 1 details how this is implemented.

Algorithm 1 GCON Attention over Filters (Single Layer)

Require: Input features X‘~! € R™*¢, filter bank F = F4 U F¢, learnable attention vectors
ay,ac € R2d
Ensure: Updated node features X* ¢ R™"*¢

1: H < m(X*1) > transformed input
2: for each filter f € F do

3 Hjp«+ f(Xh > filter response
4 Z; + [H|H/] > concatenation, Z; € R™*%4
5 if f/ € F4 then

6: s]’i‘ —o(Zray) > attention score, aggregation class
7 else if f € F¢ then

8 s < o(Zyac) > attention score, comparison class
9: end if

10: end for

11: for every v € V do > normalize within each class
12: %2(1}) — 0({32[1}] : f € Fa}) .

13: 57 (v) <= o({sF[v]: f € Fc}) > o is softmax
14: end for

15: Hr, < ZfefA (Sj} o 1d) © Hy > aggregate within F4
16: Hr, Zfefc (é? o 1d) © Hy > aggregate within F¢o
17: > o is the outer product
18: > ® is the Hadamard product
19: X!+ MLP(X“'+Hz, + Hz,) > update node features

Intuitively, each layer ¢ accepts the node features X‘~!' from the previous layer as input, and
applies a learned transformation m to obtain a base feature matrix H. The network then computes
filter responses (aggregations or comparisons of node features), giving it access to the distinct
structural views the filter bank provides. Before computing the attention score for each filter
f, H is concatenated with the filter response Hy, so that the network has simultaneous access
to the base representation and the particular view of the graph that f captures. A learnable
attention vector then produces, for each node, a score reflecting the relative importance of that
filter within its class. These scores are normalized via softmax, ensuring they lie in (0, 1) and sum
to 1 within each filter class F4 and F¢ separately.

For each filter in each class, the filter response at each node is rescaled by the corresponding
normalized attention score. This reweighting is what allows the network to emphasize the most
relevant filters differently for each node. The reweighted responses are then summed within each
filter class separately, yielding two class-level representations Hx, and Hz_. The final output
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of the layer is then computed by passing the sum of the input features X‘~!, the aggregation
representation Hx,, and the comparison representation Hz, through an MLP, giving the updated
node features X*.

3.3 Theoretical Justification

In the previous sections, we described the two main components of the GCON architecture:
the filter bank in 3.1 and the attention mechanism over filters in 3.2 which is similar to the
architecture proposed by ( ). We have also noted that the attention scores are
computed separately over the different filter classes, which in that case is different from the
network from ( ). A natural question arises, then, is whether the design choice in the
GCON architecture, is theoretically justified. In this section, we present a theorem from

( , sec. 5.3) that answers this question affirmatively. The theorem shows that under a
condition on the relative dominance of comparison filter attention scores, the aggregation filter
responses will always dominate when filter scales are sufficiently large. This provides theoretical
grounding for why the decoupled attention design affords the model greater node-wise adaptability.

3.3.1 Preliminary Definitions.

Definition 3.3.1.1 (Band-dominant representation ( : , sec. 5.3)). Take a graph
G = (V, E) together with a non-negative input signal x € R™ and a filter bank F = F4 U F¢.
We call the representation x +— (5¢[v], hf[v])ser, where S¢[v] is the normalized attention score
of f € F at node v and hy[v] is the result of the filter f € F at a node v, c-band dominant when
the largest comparison attention score at v is exactly ¢ times the largest aggregation attention
score, that is,

max{Ss[v] : f € Fo} = c-max{sS¢[v]: f € Fa}, (3.3.1)
for some ¢ > 1.

Remark 3.3.1.2. The concept of band-dominance encodes the idea that at some node, the filter
with the highest importance is a comparison filter. This means that at that node it is better
to compare its features with the features in its neighborhood, rather than smoothing over the
features.

3.3.2 Main Theorem. We now present the statement of the theorem justifying the empirical
gains of GCON over other benchmarks and its proof in Appendix A.4.

Theorem 3.3.2.1 (( , , sec. 5.3)). Take the non-decoupled architecture and
suppose the representation (Ss[v], hy[v])fer at a node v € V is c-band dominant for a non-
negative input signal x € R™ with x; > 0 for every i, where §¢[v] is the normalized attention
score of f € F at node v and h¢[v] is the result of the filter f € F at node v. Then, provided
every filter is run at a sufficiently large scale, the aggregation filter responses always dominate
the comparison filter responses, in the sense that

> svlhy[v] < eer Y sfo]hyfo). (3.3.2)

feFe feFa



4. Experiments and Results

This chapter presents the implementation and experimental evaluation of the GCON framework
across five combinatorial optimization problems. We begin by introducing the three problems
considered in the original work of ( ): Maximum Cut, Maximum Clique, and
Minimum Dominating Set (MDS). We present their associated loss functions and decoding pro-
cedures as given by the authors. We then extend the framework to three additional problems:
Maximum Independent Set (MIS) and Balanced Graph Partitioning (GP). For each problem, we
formulate a differentiable self-supervised loss function that encodes the combinatorial constraints
as soft penalties, and pair it with a rule-based decoder that extracts a valid discrete solution from
the continuous node-level outputs of the network.

All problems are treated within the unified GCON framework described in Chapter 3: for all but
the GP problem, the network outputs a probability p; € [0,1] for each node i, interpreted as
the likelihood that i belongs to the set of interest. For the GP problem into k partitions, the
network instead outputs a single vector p; € [0,1]* for each node v;. The loss functions and
decoders are the only components that differ across tasks, making the framework modular and
readily extensible to new problems.

4.1 Problem Formulations

4.1.1 Maximum Cut.

Definition 4.1.1.1 (Maximum Cut, ( , sec. 3)). For a graph G = (V, E)
Maximum Cut problem asks to find a partition of the vertex set, V = S LT, in a way that
maximizes the number of edges crossing between S and T'.

To cast this as an unsupervised learning problem, we recall that the GCON outputs a probability
pi € [0, 1] for each vertex v;, representing the likelihood that v; belongs to the set of interest. In
the maximum cut setting, we have two sets rather than one, so we interpret p; as the probability
that v; € S, and redefine the output as 'y := 2p —1,, so that y € [—1,1]", allowing us to cleanly
assign vertices to either partition. The loss function used is:

L(y) :== Z Vil (4.1.1)

{i,j}€E

After learning y, we assign vertices whose y value is greater than or equal to 0 to the set S and
vertices whose y value is less than 0 to set 7.

With this formulation, L is consistent with the goal of the problem since every edge connecting
two vertices in different partitions decreases the loss. That is to say for {v;,v,;} € E if v; € S and
v; € T then sgn(y;) = —sgn(y;), which yields a negative contribution to the loss. Conversely,
edges within the same partition yield a positive contribution 3;3; > 0, increasing the loss.

24
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4.1.2 Maximum Clique.

Definition 4.1.2.1 (Maximum Clique, ( , sec. 3)). Given a graph G = (V, E)
the Maximum Clique problem asks to find a fully connected subgraph C' C V' with the most
number of vertices.

To cast this as an unsupervised learning problem, we let p; 6_[0, 1] denote the probability that v;
belongs to the clique. Let the complement graph G = (V, E) have adjacency matrix A, where
E = {{v,v;} ¢ E. i # j}. We define the following loss function:

Lp):=— Y_ ppj+B Y. pivs (4.12)
(i) EE G)ee
i#j

Once p has been learned, we decode the solution as follows. We first reorder the vertices
{vitie, — {wi}7-, in descending order of their assigned probability, so that p(v;) > p(v;,,).
Starting with C") = {v/}, we iterate over the remaining vertices in order: whenever C(V) U {v/}
is still a clique, we include v;, and we skip it otherwise. We then repeat this construction K
times, each time seeding C®¥) = {v;} and discarding v{, ..., v}_, from consideration. Our final

answer is the C'®) of largest size.

To understand this loss function, notice that with the model minimizing the loss, it tries to
push the first term — Z pip; to be as small as possible, which in this case is towards —1 for
(i.)€EE
each summand, thus trying to simultaneously assign adjacent vertices to be in the solution set.
The second term acts as the soft constraint the model has to satisfy, thus trying to minimize
Z pip; towards 0, thereby minimizing the number of non-adjacent vertices being assigned to
(i) ¢E
i#] )
the solution set.

4.1.3 Minimum Dominating Set.

Definition 4.1.3.1 (Minimum Dominating Set, ( , sec. 3)). Given a graph
G = (V, E) the Minimum Dominating Set problem seeks to find the smallest subset S C V' such
that every node in V is either in S or has a neighbor in S.

To cast this as an unsupervised learning problem, we let p; € [0, 1] denote the probability that v;
belongs to the dominating set. We define the loss function as:

L(p) = [lpli+ 8> exp| Y log(l—p;) (4.1.3)

v, eV v ENy,

where N, denotes the neighborhood of v, including v itself.

The role of the second term in this loss function becomes clear once we consider what hap-
pens without it. The network could then minimise ||p||; all the way to zero and return the
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empty set, which fails to be a dominating set since no vertex ends up being dominated. To
prevent this degenerate outcome, the second term imposes a coverage penalty on each vertex
that has not been adequately represented in the solution. For a fixed vertex v; € V, the quantity

exp (Zvje/\fvi log(1 — pj)> remains large whenever none of the vertices in NV, (including v; itself)

carries a probability close to 1, and falls to nearly zero as soon as at least one v; € N,, satisfies
pj ~ 1. In effect, the second term drives the network to ensure that every vertex is either placed
in the dominating set or has a neighbour that is, which is precisely the domination requirement.

Once p has been learned, we reorder the vertices in descending order of their assigned probability,
so that p(v]) > p(vl,,). Beginning with S = {v]}, we proceed through the ordering, one
vertex at a time: at each step we check whether SV is already a dominating set, terminating
if it is and otherwise appending v; , before continuing. The same construction is then carried
out K times in total, with the k-th run seeded at S®) = {v;} and v},... v} , removed from

consideration. We report the smallest dominating set obtained across all iterations as our solution.

We now turn to our own extensions of the framework, formulating loss functions and decoders
for two problems not considered in the original work: Maximum Independent Set and Balanced
Graph Partitioning. For MIS, we formulate two loss functions, Ly, and Lqupo, which induce
qualitatively different training dynamics; we evaluate both and compare their behaviour directly.

4.1.4 Maximum Independent Set.

Definition 4.1.4.1 (Maximum Independent Set). Given a graph G = (V, E), find the largest
subset S C V such that no two vertices in S are adjacent, that is, for all 4,5 € S, (i,j) ¢ E.

To cast this as an unsupervised learning problem, we let p; € [0, 1] denote the probability that v;
belongs to the independent set. A direct unconstrained relaxation of the constrained optimization
problem given in Appendix A.1l is given as:

Lin(p) := — Z pi+ B Z DiDj- (4.1.4)

v eV (viwj)eE

While the first term drives the model to maximise the number of vertices assigned to the inde-
pendent set. However, this alone admits the trivial solution: the model simply assigns probability
1 to every vertex, satisfying the objective without producing a valid independent set, unless we
have a graph of only isolated nodes. To address this, we introduce a second term which enforces
the constraint of non-adjacent vertices being in the set. This second term penalises the model,
weighted by a factor of 3, whenever a pair of neighbouring vertices are simultaneously assigned
to the set.

We further consider a quadratic variant of the node term, yielding the loss

Loueo(p) ==Y _pl+8 > pip; (4.15)

v; €V (vi,vj)EE

On binary inputs the two losses coincide, since p? = p; for p; € 0,1. Both formulations share
the same structure: the first term rewards large independent sets while the second penalises
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adjacent vertices being simultaneously assigned to the solution. The key distinction lies in how
they treat intermediate probabilities on the relaxed domain [0,1]. Since p? < p; for p; € (0,1),
the quadratic node term contributes less to reducing the loss at fractional values than the linear
term does, imposing a harsher implicit penalty on indecisive assignments. Lqupo thus exerts
stronger pressure on the network to commit to near-binary outputs during training. We report
results for both formulations in Section 4.3.

Remark 4.1.4.2. The formulation in (4.1.5) corresponds to a variant of the Quadratic Uncon-
strained Binary Optimisation (QUBO) used in the codebase of ( ).

On decoding the solutions, after learning p, we construct the independent set as follows. We
reorder the vertices {v;}7_; — {v/}!, so that p(v)) > p(v/,). We initialize CV) = {v}} and
iterate over the vertices: at each step, if v} is adjacent to any vertex already in C¥), we do not
add it to the set, otherwise we do. We repeat this process K times, initializing C*) = {v/} on
the k-th iteration and automatically excluding v, ..., v, , from C®). The solution is given as
the largest valid independent set C* found across all K iterations.

4.1.5 Balanced Graph Partitioning.
Definition 4.1.5.1 (Balanced Graph Partitioning). Given a graph G = (V, E)) with n vertices,
k

a balanced partition seeks to partition the vertex set V' = | | V; into k partitions so that each
=1
partition satisfies |V;| &~ n/k Vt and the number of edges with endpoints in different partitons is

minimized.

Remark 4.1.5.2. For the remainder of this work, we refer to the Balanced Graph Partitioning
problem simply as Graph Partitioning (GP).

To cast this as an unsupervised learning problem, we formulate the following relaxation of the
constrained optimization problem given in Appendix A.1:

LP)= > pi—-pil3+8 > (1—%!\pi—pj\!§) +VZ<ZW—%> (4.1.6)

(vi,vj)€E (’L)Z,Q;]é)¢E c=0 \v;eV
7]

The loss function directly encodes the objectives and constraints of the GP problem, with each
term corresponding to a distinct requirement. The first term minimizes the distance between the
partition assignment vectors of adjacent nodes, encouraging connected vertices to be placed in
the same partition. The second term penalizes non-adjacent nodes whose assignment vectors are
similar, pushing them toward distinct partitions. The third term enforces the balance constraint
by penalizing deviations from the target partition size n/k.

Given the learned matrix P, we decode the partition assignment of each node v; by taking the
argmax over its softmax output: ¢; = argmax p;.. Since the network outputs a proper probability

C
distribution over the k partitions by construction, this procedure always returns a valid k-partition
of V' without any post-processing.
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4.2 Setup

4.2.1 Datasets. Since the combinatorial optimization problems considered in this work are
NP-hard, generating sufficiently large labeled datasets for supervised learning is computationally
intractable. We therefore follow the approach of ( ) and evaluate all methods
on synthetic graphs, where the underlying generative model is controlled and instances can be
produced at scale.

Rather than initializing each vertex with random or one-hot features, we follow

( ) and equip each graph with node features derived from structural graph statistics, which
provide the model with meaningful information about the local and global geometry of the graph.
For each vertex, we compute its degree, clustering coefficient, and triangle count; on the BA
datasets, we additionally include the eccentricity, which we omit on RB graphs due to its com-
putational cost. These features are then mapped to the hidden dimension of the GNN through a
linear layer or a shallow MLP prior to the message-passing layers.

We make use of the Barabasi-Albert (BA), RB, and Stochastic Block Model (SBM) genera-
tive models from the literature to produce the synthetic graph instances used throughout our
experiments. More information can be found about these models in Appendix A.3.

4.2.2 Baselines and Evaluation Metrics. For each extension problem, we compare GCON
against problem-specific baselines. For Maximum Independent Set, we compare against the
GMIN greedy heuristic, which repeatedly selects the minimum-degree vertex in the remaining
graph and removes it along with its neighbors. For Graph Partitioning, we compare against
two baselines: a greedy balanced k-partition heuristic that assigns nodes in descending degree
order to whichever non-full partition contains the most of their already-assigned neighbors, and
spectral partitioning, the classical relaxation-based heuristic described in Algorithm 3. Spectral
partitioning serves as a strong reference baseline since it is provably near-optimal for recovering
planted communities in SBM-generated graphs. The full algorithms for each greedy heuristic are
provided in Appendix A.2.

In addition to the non-learned baselines above, we compare GCON against ScatteringClique, the
GNN architecture proposed by ( ). Like GCON, ScatteringClique employs a hybrid
filter bank consisting of aggregation and comparison filters combined through a localized attention
mechanism. The two architectures differ primarily in how the attention scores are computed:

( ) compute a single set of attention scores over the entire filter bank, whereas

( ) introduce separate attention vectors for the aggregation and comparison filters,
decoupling the two filter classes. ScatteringClique is evaluated under conditions identical to
GCON, using the same dataset, loss function, decoder, and training procedure.

For evaluation, we use problem-specific metrics computed as averages over the test set. For
the Maximum Independent Set problem, we report the average independent set size across test
graphs, with larger values indicating better performance. For the Graph Partitioning problem,
we report the average cut fraction, defined as the ratio of edges crossing partitions to the total
number of edges with smaller values indicating better performance.

All experiments are conducted on synthetic graphs generated using data generative models. This
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is in line with the data benchmarking setup of ( ) as well as

( )- The MIS experiments use RB graphs (see sec. 4.2.1) whereas the GP experiments use the
SBM graphs. Both sets of experiments use graphs with 50 — 100 nodes per instance, generated
to a total dataset of 5000 graphs. The dataset is split into 3000 training, 1000 validation, and
1000 test graphs. For both problems, we adopt a 5-fold cross-validation split assigning three
folds to training, one fold to validation, and one fold to testing. However, due to computational
constraints, only a single fold was used in our experiments, in the sense that there was no rotation
of the folds. We follow ( ) and use node degree, local clustering coefficient, and
triangle count as input features, adding eccentricity on BA graphs only, due to its computational
cost on RB and SBM instances.

4.3 Results

In this section, we present our experimental results in two parts. First, we report our reproduc-
tion of the GCON benchmarks from ( ) on the three combinatorial optimization
problems considered in the original paper: Maximum Cut, Maximum Clique, and Minimum Dom-
inating Set. Due to computational constraints, we conduct a single run per problem rather than
averaging over three runs as in the original work; nevertheless, our results closely match those
reported by ( ), confirming the reproducibility of their findings. Second, we
extend the evaluation of GCON to two additional combinatorial optimization problems not con-
sidered in the original paper, namely the Maximum Independent Set, which the original authors
explicitly identified as a promising direction for future work, and the Graph Partitioning problem,
specifically into 3 partitions, in order to assess the generality of the architecture beyond the tasks
for which it was originally designed.

Table 4.1: Reproduction results for GCON on small datasets (single run, seed=0), compared
against results reported by ( ). MCut and MDS use BA-small graphs; MClique
uses RB-small graphs. 1 indicates higher is better, | indicates lower is better.

Task GCON (Local Run) GCON (Reported Figures)
MCut size 1 726.59 727.09 £1.49
MClique size 1 15.91 15.87 + 0.15
MDS size | 30.44 30.26 £0.30

4.3.1 Reproduction Results. Table 4.1 presents our reproduction results for GCON on the

three original CO problems considered by ( ). For each task, the reported value
is the average objective size obtained by the trained model across all graphs in the corresponding
test set, following the evaluation protocol of ( ). Across all three tasks, our

results are consistent with those reported in the original paper, falling within or very close to the
reported standard deviation ranges. This confirms that our implementation faithfully reproduces
the GCON framework, and provides a reliable basis for the extensions to additional CO problems
presented in the following section.
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4.3.2 Extension Results. Building on the reproduction results above, we now evaluate GCON
on the two new problems, starting with Graph Partitioning. For each problem, we compare GCON
against ScatteringClique, introduced in Section 4.2.2. This comparison serves as a direct test
of whether the decoupled attention of GCON, justified theoretically in Section 3.3, also yields
empirical gains on problems beyond those considered by \Wenkel et al. (2024).

Graph Partitioning

Table 4.2: Graph Partitioning (k = 3, hard SBM) test-set results (single run). Lower is better.

Method Cut Fraction |
Greedy 0.632
ScatteringClique 0.436
GCON 0.332
Spectral 0.044

While the spectral baseline achieves the lowest cut fraction on this instance, cut fraction alone
does not tell the full story, since the GP problem imposes two competing requirements: minimizing
inter-partition edges and maintaining balanced partition sizes. As shown in Figure 4.2, the spectral
baseline produces a severely imbalanced partition (PO = 65, P1 = 9, P2 = 1), effectively
collapsing almost all nodes into a single partition and thus failing the balance constraint entirely.
Both learned methods recover well-balanced partitions, with GCON achieving (P0 = 24, P1 =
27, P2 = 24) and ScatteringClique achieving (P0 = 25, P1 = 20, P2 = 30), suggesting that
the balance term in L(P) is critical for producing solutions that genuinely respect the problem
constraints.

le7 GP k=3 Hard — Training Loss le7 GP k=3 Hard — Validation Loss

135 —— GCON —— GCON
—— ScatteringClique —— ScatteringClique

Training loss
Validation loss

e gTTSToves.

0 20 40 60 80 100 0 20 40 60 80 100
Epoch Epoch

(a) Training loss curves. (b) Validation loss curves.

Figure 4.1: Training and validation loss curves for GCON and ScatteringClique on the hard SBM
Graph Partitioning task (k = 3).

Despite the weak community structure of the hard SBM setting (pin/pour =~ 2.3), both architec-
tures converge rapidly within the first fifteen epochs, as shown in Figure 4.1. GCON achieves
a consistently lower training loss than ScatteringClique for the remainder of training. On the
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validation set, Both architectures show some instability in earlier epochs, with the instability
of ScatteringClique being more pronounced than that of GCON. Overall, for the most part the
GCON loss remains lower than the ScatteringClique loss, even as both losses eventually converge.
That both models train stably under these conditions suggests that the loss function provides a
sufficiently strong learning signal even when the community structure is difficult to detect.

GP k=3 Hard (p_in=0.107, p_out=0.0467, n=75) — test graph 0 (75 nodes, 182 edges)

Input Graph Spectral Baseline
75 nodes, 182 edges cut fraction = 0.0934 | P0=65 P1=9 P2=1

== partition 0 ¥
= artition 1
Partition 2

GCON ScatteringClique
cut fraction = 0.4066 | P0=24 P1=27 P2=24 cut fraction = 0.4835 | P0=25 P1=20 P2=30

= pariion 0 v = ration0 \.
= panion1 = ration1
Partion2 parton 2

Figure 4.2: Graph Partitioning (k = 3, hard SBM) solutions on a representative test graph. Each
colour denotes a distinct partition; dashed edges indicate cut edges crossing partition boundaries.
Maximum Independent Set

Table 4.3: MIS test-set results on RB graphs (single run, seed=0). Average independent set size;
higher is better.

Method Lin T Lquso T
Greedy (GMIN)  6.664  6.664
GCON 5.336 5.778

ScatteringClique 5.537  4.861

Both GNN architectures fall short of the GMIN greedy heuristic in terms of average independent
set size, though the margin is modest. A more interesting picture emerges when comparing across
loss formulations: under Lj;,,, GCON (5.336) performs worse than ScatteringClique (5.537), yet
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under Lqupo the ranking reverses, with GCON (5.778) substantially outperforming Scatter-
ingClique (4.861). This reversal indicates that the choice of loss function has a significant and
architecture-dependent effect on solution quality, one that would not be apparent from evaluating
either formulation in isolation.

Linear Loss (a=1, B=10) — Training Loss QUBO Loss (penalty=2) — Training Loss
0.05
—— GCON —— GCON
—— ScatteringCli —— ScatteringCli
2000 catteringClique catteringClique
0.04
1500
n 2 0.03
2 2
o o
£ £
£ 1000 g
s S 0.02
= =
500 0.01
0 0.00
0 20 40 60 80 100 0 20 40 60 80 100
Epoch Epoch
(a) Ly training loss. (b) Lqugo training loss.

Figure 4.3: MIS training loss curves for GCON and ScatteringClique under Ly, (left) and Lquso
(right) on RB graphs.
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Figure 4.4: MIS validation loss curves for GCON and ScatteringClique under Ly, (left) and
Lqugo (right) on RB graphs.

The loss curves provide further insight into this result. Under both formulations, both architec-
tures converge smoothly on the training set. The key distinction lies in the validation dynamics:
ScatteringClique converges rapidly and stably on the validation set under both loss functions,
whereas GCON exhibits pronounced and repeated spikes throughout the earlier epochs, indicat-
ing difficulty in generalizing during the initial phase of training. Despite this instability, GCON's
validation loss eventually converges to a level comparable to that of ScatteringClique under both
formulations, suggesting that the early instability does not prevent the model from ultimately
finding a reasonable solution.
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MIS Linear Loss (a=1, B=10) — test graph 0 (72 nodes, 820 edges) MIS QUBO Loss (penalty=2) — test graph 0 (72 nodes, 820 edges)

Greedy (GMIN) Input Graph Greedy (GMIN) Input Graph
15 size = 8 (11.1%) violations = 0 72 nodes, 820 edges 1S size = 8 (1L.1%) vilations = 0 72 nodes, 820 edges

(a) Solutions under Ly,. (b) Solutions under Lqugo.

Figure 4.5: MIS solutions on a representative test graph (72 nodes, 820 edges) under Ly, (left)
and Lqupo (right). Red nodes are in the independent set; all solutions have zero constraint
violations.

Figure 4.5 shows the solutions produced on a representative test graph of 72 nodes and 820
edges. All methods produce valid independent sets with zero constraint violations under both
loss functions. On this particular instance, GCON recovers an independent set of size 6 under both
Ly and Lqupo, while ScatteringClique finds 4 and 3 nodes respectively, and the greedy baseline
finds 8. We note that this single instance is not necessarily representative of the average test-set
behaviour reported in Table 4.3: in particular, GCON outperforms ScatteringClique on this graph
under Ly, whereas the average results show the opposite. This highlights the variance inherent
in single-instance evaluations and underscores the importance of reporting aggregate metrics over
the full test set.



5. Conclusion & Future Work

5.1 Limitations

The limitations of this work are largely computational. All experiments were restricted to small-
scale graphs, single-seed runs, and trial-and-error hyperparameter selection, none of which we
expect to be inconsequential given the nature of self-supervised CO losses.

One thing our experiments did make clear is that the choice of loss function matters more than
one might expect. On MIS, simply switching from Lj;, to Lqueso was enough to reverse the
relative ranking of the two architectures, suggesting that loss design deserves careful thought
when extending GCON to new problems.

5.2 Applications

The problems studied in this work arise naturally in a wide range of real-world settings. We
highlight one concrete application of some of the problems discussed to illustrate the practical
relevance of finding good approximate solutions efficiently.

Graph Partitioning ( , ): In distributed database systems, large datasets
must be split across multiple machines called shards. We model this as a graph G = (V, E'), where
vertices represent data records and edges connect records that are accessed together by the same
query. Since involving multiple shards in a single query increases latency and processing time,
we want to assign records evenly across shards while minimizing the number of edges crossing
partition boundaries. This is precisely the Balanced Graph Partitioning problem.

Maximum Independent Set ( , ): In a WiFi network, routers must be
assigned to broadcast on one of a limited number of frequency channels. If two nearby routers
share the same channel simultaneously, their signals interfere and degrade the connection quality.
We model the network as a graph G = (V, E), where vertices represent routers and edges connect
pairs that are close enough to interfere with each other. Finding the largest set of routers that can
safely share the same channel simultaneously is precisely the Maximum Independent Set problem.

Maximum Clique ( , ): In data center management, servers are inter-
connected through a high-speed network, which could be a physical cable. To sustain critical
operations under potential disruptions, we want to identify the largest group of servers that are
all directly connected to one another, ensuring that every pair in the group can communicate
without relying on any intermediate server. We model the data center as a graph G = (V, E),
where vertices represent servers and edges represent direct high-speed connections. Finding the
largest such group is precisely the Maximum Clique problem.

Minimum Dominating Set ( , ): In wireless sensor networks, sensors are
randomly distributed across a region and communicate either directly or through intermediate
nodes. Since sensors run on limited battery power, we want to select the smallest subset of

34
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sensors to remain active such that every inactive sensor is within communication range of at
least one active sensor, allowing the remaining sensors to sleep and conserve energy. We model
the network as a graph G = (V, E), where vertices represent sensors and edges connect pairs of
sensors within communication range of each other. Finding the smallest such subset of active
sensors is precisely the Minimum Dominating Set problem.

5.3 Future Work

Several directions remain open for extending this work. On the theoretical side, it would be
interesting to investigate whether the dominance result of Theorem 3.3.2.1 holds for shift oper-
ators beyond the lazy random walk matrix, such as the unnormalised or symmetric normalised
Laplacian. It is not obvious that it should, and the answer either way would be informative.

On the empirical side, the modular structure of GCON makes it a natural fit for additional CO
problems such as Minimum Clique Cover a nd Graph Coloring. Our MIS results also point to loss
design as a direction worth pursuing more carefully. The authors of ( ) have
noted in personal correspondence that QUBO formulations tend to induce a more favourable
optimization landscape than the losses used in the original paper, and understanding precisely
why this is the case strikes us as both an interesting and practically useful question.

For Graph Partitioning, a natural extension would be to move beyond unweighted graphs and
consider settings where edges carry weights reflecting the cost of cutting a connection. Finally,
incorporating richer node features beyond the structural statistics used here could improve the
expressive power of the model more broadly, and seems like a direction worth exploring.
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Appendix A

A.1 Constrained Optimization Formulations

Maximum Cut ( , , Appendix E)

Maximize ) @+ z; — 2z
(i,J)EE
subject to z; € {0,1} VieV

Maximum Clique ( , , Appendix E)
Maximize Z T
=%
subject to z;+x; <1 V(i,j) ¢ E,
x; € {0, 1} VieV

Minimum Dominating Set ( , , Appendix E)
Minimize ZZBZ-
i€V
subject to z; + Z x;>1 VeV,
JEN(i)

2, €{0,1} VieV

Maximum Independent Set

Maximize E T;

eV
subject to z; +x; <1 V(i,j) € E,
x; €{0,1} VieV
Balanced Graph Partitioning

Minimize

E

Zx—x
Lj)eE

A:1 YieV

MM

subject to

t=

3

1
and fo:% forl1 <t<k

i=1

39
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A.2

Baseline Heuristics

Algorithm 2 Greedy Balanced Bisection for Graph Partitioning

Require: Graph G = (V, F)
Ensure: Partition labels labels : V' — {0,1}
1: labels[v] «— —1 for all v € V

2: g+ 0,c1+0

3: cap < [|V]/2]

4: sort V in descending order of degree
5. for each v € V in sorted order do

6:  eg« |[{u € N(v) : labels[u] = 0}
7. ep <+ |[{u € N(v) : labels[u] = 1}|
8: if co > cap then

0: p+1

10: else if ¢; > cap then

11: p<0

12: else if ¢; > ¢ then

13: p < 1

14: else

15: p<+0

16: end if

17: labels[v] < p

18: cpcp+1

19: end for

20: return labels

> —1 denotes unassigned
> partition size counters
> maximum size per partition

> partition O is full
> partition 1 is full

> join the side with more assigned neighbors

Algorithm 3 Spectral Graph Partitioning

Require: Adjacency matrix A € {0,1}™*"™, number of partitions k

Ensure: A k-way partition {P, ..
1: Compute degree matrix D where D;; = Zj Ajj

2: Compute graph Laplacian L <+ D — A

3: Compute the k& smallest eigenvectors uq, us, . .
Ua, .

.y for k> 2

., B} of the vertices V'

., ug, of L > Discard u; (constant vector); use

4: Form embedding matrix U € R™**=1 with columns us, . . .,
5: Run k-means clustering on the rows of U to obtain k clusters

6: return partition {Py, ..

., Py} corresponding to the k clusters
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Algorithm 4 GMIN Greedy Heuristic for Maximum Independent Set

Require: Graph G = (V, F)
Ensure: Independent set Z C V'

1

Nk WD

AR |
R+V > R tracks the remaining nodes
while R # () do

v* < argmin,cg degp(v) > select the minimum degree node in the remaining graph
T+ ZU{v*}
R+ R\ ({v'} UN(v*)) > remove v* and all its neighbors

end while
return Z

A.3 Graph Generating Models

We describe each of the graph generating models used to generate hard instances for the problems
in this work.

1. Barabasi-Albert (BA) graphs: The BA graphs are generated with the preferential at-

tachment mechanism proposed by ( ). The user only has to specify
a single parameter m, and the operation starts from a base graph of my > m nodes. At
each iteration a new node is added and linked to m existing nodes, with each existing node
i being chosen proportional to its current degree k;. This produces scale-free graphs with
a heavy-tailed degree distribution. ( ) use BA graphs for the Maximum
Cut and Minimum Dominating Set problems.

. RB graphs: RB graphs are derived from a random constraint satisfaction model

( ). Given n variables, the model randomly places m = rnlnn constraints between
pairs of variables, where r > 0 is a parameter controlling the number of constraints. The
resulting constraint graph has n nodes and m edges. A key property of the model is
that instances generated near the phase transition threshold are provably hard. We use
RB graphs for the Maximum Clique and Maximum Independent Set problems, following

(2024).

. Stochastic Block Model (SBM) graphs: SBM graphs are generated according to the

model of ( ). Given n vertices partitioned into & disjoint blocks (commu-
nities) of approximately balanced size, each pair of vertices (i, j) is connected independently
with probability p;, if ¢ and j belong to the same block, and with probability po.: other-
wise. Choosing pi, > pout Yields graphs with an inherent community structure, where edges
concentrate within blocks rather than across them. This property makes SBM a natural
generative model for evaluating methods on the Graph Partitioning problem, as the planted
block assignment provides a meaningful ground-truth partition. We use SBM graphs for
the Graph Partitioning problem.
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A.4 Proof of Theorem 3.3.2.1

We restate the theorem before we give its proof:

Theorem A.4.0.1 ((Wenkel et al., 2024, sec. 5.3)). Take the non-decoupled architecture and
suppose the representation (S¢[v|,h¢[v])ser at a node v € V is c-band dominant for a non-
negative input signal x € R™ with x; > 0 for every i, where §¢[v] is the normalized attention
score of f € F at node v and hy[v] is the result of the filter f € F at node v. Then, provided
every filter is run at a sufficiently large scale, the aggregation filter responses always dominate
the comparison filter responses, in the sense that

Z S;[vlhsv] < e-c- Z 5 [v] hy[v]. (A.4.1)

feFeo feFa

Proof (Wenkel et al., 2024, Appendix A.1). Consider a graph G = (V, E) on n vertices. Let
e > 0 and fix a node v € V. Suppose that the representation (5¢[v],h¢[v])ser is c—band
dominant.

For simplicity, consider the feature vector x € R™ and the lazy random walk P = (I + AD™')
on GG. Let d € R" be the degree vector and define

d[v]
Poo = ||X||1 75, (A.4.2)
Hidl

as the stationary value of the transition matrix at v.

Since G is a finite and connected graph, the random walk on G is irreducible. Additionally, since
P is a lazy random walk, with every state having a self-loop probability of % then G is aperiodic.

Since G is finite, irreducible, and aperiodic Markov chain then G is ergodic hence by Theo-
rem 2.1.3.19 and the fact that P is column-stochastic there exists a unique stationary distribution
7, which is a column vector, such that for any initial distribution A,

lim P"\ = . (A.4.3)

n—oo

We claim that for G, W is the unique stationary distribution to which the chain converges.
1

To prove this, it suffices to show that

is indeed a stationary distribution.

Id]l1
We have
d d
P =—(I+AD™)
[df, 2 (fsY
1
= (d—i—AD’ld)
2| d|lx
1
= (d+ A1)
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where 1 is the all-ones vector.

Thus we have that for some Fj, € F4 and Fj, 1, € Fe,

d
Fi(x) := P*x — ||X||1m (A.4.4)
and
Fi ks (x) :== (PP = P*)x — 0. (A.4.5)

Hence for any § > 0, there exists K := K (¢) such that all filters f with scale k > K satisfy:
hylo] — ol <6 if f € F (A4.6)

and
lhy[v]| <6 if f e Fo, (A4.7)

where h¢[v] := f(x)[v] is the response of the filter f € F atv e V.

Set 7 := max{ss[v]| : f € Fc}, where §¢[v] is the normalized attention score of f € F atv € V.
Then since each comparison filter satisfies |hy[v]| < § we have:

D slhgf] < ) spfe]d < )6 < |Fel T (A.4.8)

feFco feFe feFe

Let £ be the aggregation filter achieving the largest importance s¢[v] at node v. Then since,
by hypothesis, the representation at v is c-band dominant and the input signal x is non-negative,
and hymax [v] > poo — 0 from, Equation A.4.5, then

€-c- Z se[vlhy[v] > € ¢ §pmax hypmax[v] > € T (poo — 0). (A.4.9)
JEFA

Notice that for Equation A.4.1 to hold then

poo_(S

|Fel < €. (A.4.10)

Since ¢(6) := (P =9)

that makes 0 small enough that Equation A.4.10 is satisfied.

— 00 as d — 0, then it is possible to choose K := K (§) large enough

]
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A.5 Graph Statistics

Let G = (V, E) be a simple, connected, undirected graph with adjacency matrix A, and let d
denote the shortest path distance, which is the minimum number of edges on any path connecting
any two nodes, on V. For each node v € V, we define the following graph statistics.

The eccentricity of v is the maximum shortest path distance from v to any other node:

g(v) ;= max d(u,v). (A.5.1)

ueV

The triangle count of v is the number of triangles in GG that contain v:

t) == Y Au. (A5.2)

The clustering coefficient of v measures the fraction of pairs of neighbors of v that are them-
selves connected:

() = 0 __ (A5.3)
C (deg;v)) A5.3

where (2(”)) is the number of pairs of neighbors of v. We set C(v) = 0 when deg(v) < 1.

The clustering coefficient can be thought of as the probability that any two neighbors of v are
adjacent.
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